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Abstract. We study in various functional spaces the equiconvergence 
of spectral decompositions of the Hill operator L — —d 2 /dx 2 + v(x), 
x 6 [0, 7r], with //^-potential and the free operator L° = —d 2 /dx 2 , 
subject to periodic, antiperiodic or Dirichlet boundary conditions. 
In particular, we prove that 

\\S N - S% : L a -> L b \\ -t ifl<a<b<oo, 1/a - 1/6 < 1/2, 

where Sn and S% are the iV-th partial sums of the spectral decomposi- 
tions of L and L° . Moreover, if v € H~ a with 1/2 < a < 1 and - = |— a, 
then we obtain uniform equiconvergence: \\Sn — S% : L a — > —¥ 

as N — > oo. 

Keywords: Hill-Schrodinger operators, singular potentials, spectral de- 
compositions, equiconvergence. 

2010 Mathematics Subject Classification: 47E05, 34L40. 



Content 

Section 1. Introduction 1 

Section 2. The case of potentials v G L p , p € (1, 2] 9 

Section 3. L 1 -potentials and weakly singular potentials 13 

Section 4. The case of potentials v G H~ a , 0<a<l 18 

Section 5. The case v 6 -f/^, <SV — S^r : £ a — >■ b < oo 35 

Section 6. Appendix: Auxiliary Inequalities 42 

References 47 



1. Introduction 

1. Since the earlier days of the theory of eigenfunction expansions for or- 
dinary differential operators (V. A. Steklov [Ml [49], G. D. Birkhoff [2j[3], A. 
Haar [12]) one of a few central questions was the question about equiconver- 
gence of eigenfunction expansions related to the same ordinary differential 
operator (o.d.o.) but subject to different Birkhoff-regular boundary condi- 
tions |30j or for o.d.o. with different coefficients but the same (or similar) 

l 
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boundary conditions. To illustrate the problem let us remind two results of 
J. Tamarkin [52l [53l H] . 
Let 

(1.1) l( y ) = -Ji + Y^Pk(x)y k (x), 0<x<l, Pk €^([0,1]), 

fc=0 

and n linearly independent be (boundary conditions) which are regular (see 
[30] ) define an operator L in L 2 ([0, 1]). Let A = {\j}f be the set of all 
eigenvalues of L, and R(z) = (z — L) -1 be its resolvent. Define 

(1.2) S r (f) = -L / R(z)dz, 

2vri J C (r) 

where 

C(r) = {zeC:\z\=r} 
with radii r chosen in such a way that 

(1.3) dist(C(r),A) > e > 0, 

and define the r-th "partial sum" of the trigonometric Fourier integral 

(1.4) a r (f) = i / sinr(3 7° /m, / e ^([0, 1]). 

Claim 1 (J. Tamarkin [S3 El], M. Stone [SOI EI]). ^ notations (fT2> 
(II. 4p i/ie following holds: 

(1.5) lim _||5 r (/)- < 7 r (/)|| cw =0 
i — >oo. r£ l|J. jp 

/or any compact K in (0, 1). 

Claim 2 (J. Tamarkin [53], [54] )■ -tf £° «s /ree operator i.e., 
Pfc = 0, i/ien 

(1.6) lim —\\Srtf,L)-S r U,L Q )\\ cm =0 V/ G ^([0, 1]). 

r— >oo, rF l|1.3[) 



These two statements bring our attention to the distinction between 
equiconvergence on compacts inside of the open interval (0, 1) (Claim 1) 
and on the entire closed interval [0,1] (Claim 2). Along the first line of 
research lately let us mention works of A. P. Khromov j20[ [22j [23l [24] , A. 
Minkin [27], V. S. Rykhlov [3H E2J [331 US E3 [36], A. M. Gomilko and G. 
V. Radzievskii [11], A. S. Lomov [25]. 

Quite exceptional is the paper |21] where a criterion of equiconvergence 
on the whole interval for two different Birkhoff-regular bvp and a given 
continuous function was found. 

2. In the present paper we will focus on (equi) convergence on the whole 
interval in the case of o.d.o. of the second order, or Hill operators 

d 2 v 

(1.7) L = -—^ + v(x), 0<X<7T, 
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with be of three types: 

(a) periodic Per + : y(0) = y(vr), y'(0) = y'(7r); 

(b) anti-periodic Per~ : y(0) = —y(ir), y'(0) = —y'(ir); 

(c) Dirichlet Dir : y(0) = 0, y(ir) = 0. 

By using the quasi-derivatives approach of A. Savchuk and A. Shkalikov 
[S1I45] (see also [El HH [47] and R. Hryniv and Ya. Mykytyuk [I3]-[18]), 
we developed in [5j El [7] a Fourier method for studying the spectral proper- 
ties of one dimensional Schrodinger operators with periodic complex-valued 
singular potentials of the form 

(1.8) v = Q', Q € Lf oc (R), Q{x + ir) = Q{x). 

Following A. Savchuk and A. Shkalikov [43} I45j. one may consider various 
boundary value problems on the interval [0,7r]) in terms of quasi-derivative 

y [1] = y - Qy- 

In particular, the periodic and anti-periodic boundary conditions have the 
form 

Per + : y(n) = y(0), i/W(tt) = yW(0), 
Per-: yfr) = -y(0), yWfr) = -yW(0). 
Of course, if Q is a continuous function, then Per + and Per~ coincide, 
respectively, with the classical periodic boundary condition (a) and (b). The 
Dirichlet boundary condition has the same form as in the classical case: 
Dir : y(ir) = y{0) = 0. 
For each of the boundary conditions be = Per^, Dir the differential ex- 
pression 

i(y) = -(y [1] Y-Qy 

gives a rise of a closed (self adjoint for real v) operator Lfe c = Lb c (v) in 
H° = L 2 ([0,7r]), respectively, with a domain 

(1.9) D(L Per ±) = {yeH 1 : G W}([0,«D, P ^ r± *">lds, £(y) G H }, 
or 

(1.10) D{L Dir ) = {y£H 1 : yW G W}([0,ir]), Dir holds, t{y) G H }. 

Let denote the free operator L° = —d 2 /dx 2 considered with boundary 
conditions be. It is easy to describe the spectra and eigenfunctions of L® c for 
be = Per^ , Dir : 

(a) Sp(L° Per+ ) = {n 2 , n = 0, 2, 4, . . .}; its eigenspaces are = Span{e ±m: 
for n > and E® = {const}, dimE® = 2 for n > 0, and dimii$ = 1. 

(b) Sp(L° Per _) = {n 2 , n = 1, 3, 5, . . .}; its eigenspaces are E® = Span{e ±in 
and dimE^ = 2. 

(c) Sp(L° Dir ) = {n 2 , n G N}; its eigenspaces are E° = Span{sinnx}, and 
dim£° = 1. 

Depending on the boundary conditions, we consider as our canonical or- 
thogonal normalized basis (o.n.b.) in L 2 ([0,7r]) the system Uk{x), k G r& c , 
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where 

(1.11) if be = Per + u k = exp(ikx), k G F Per + = 2Z; 

(1.12) if be = Per~ u k = exp(ikx), k G T Per - = 1 + 2Z; 

(1.13) \ibc = Dir u k = \/2sin/cx, fe G = N. 

Let us notice that {u k (x), k G T^} is a complete system of unit eigenvectors 
of the operator L° . They are uniformly bounded, namely 

(1.14) \u k (x)\ <V2 \/k G T bc . 

We set 
(1.15) 

H Per± = {f£H 1 : /(vr) = ±/(0)} , H l D „ = {/ G F 1 : /(vr) = /(0) = 0} . 

One can easily see that {e* fcx , k £ rp er ±} is an orthogonal basis in H per± 
and {\/2sinA;a;, A; G N} is an orthogonal basis in H^-. From here it follows 
that 



(1.16) Hi = I 



/0*0 = Y, fku k {x) : \\f\\ 2 m = J2 0- + fc2 )IM 2 < 00 f 



The following proposition gives the Fourier representation of the operators 
L Per ± and their domains (see [6j Prop. 10]). Let v be a singular potential 
of the form f 1 1 . 8 [) and let Q(a;) = Ylk£2zl(k) elkx De ^ ne Fourier series of Q 
with respect to the orthonormal system {e lkx , k 6 2Z}. We set 

(1.17) V{k) = ik ■ q(k), k G 2Z. 

Proposition 1. in i/ie above notations, if y G Hp ±, then we have y = 
J2r , Vk^ kx ^ D(L Per ±) and Ly = h = J^r 4. n k^ kx £ «^ on^y 

(1.18) h k = h k (y) :=k 2 y k + ^ V(k-m)y m , ^ |/i fc | 2 < oo, 

mGr Per± 

z.e., 

(1.19) ^(L Per± ) = |y G ^ er± : (h h (y)) kf3 ? pBr± G £ 2 (r Per± )} 
and 

(1.20) £per±(2/)= E MlOe**- 

fcer„ + 

Per 1 

In the case of Dirichlet boundary conditions, we consider expansions about 
the o.n.b. {\/2sin/c2;, k G N}. Let 

oo 

(1.21) Q(x) = Y q{k)V2sm kx 

k=l 
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be the sine Fourier expansion of Q. We set 

(1.22) V(0) = 0, V(k) = kq{k) for k G N. 

Remark 2. Since v = Q' , i/ie function Q(x) is defined up to a constant. 
The choice of this constant play no role in the case of periodic or antiperiodic 
boundary conditions - the coefficients V(k) in \1. 17\ ) do not depend on such 
a choice. But in the case of Dirichlet boundary conditions the situation is 
different. Since 

1 f n 1 for even m, 

sin mx dx 



vr J 1 2/m for odd m, 

if one add a constant C to Q{x) then for odd m the coefficients V(m) will 
change by 2C. 

Ifv G L 1 ([0, 7r]) and Jq v(x)dx = 0, then with Q(x) = Jq v(x)dx it follows 
that the numbers V(k) are the Fourier coefficients of v about the o.n.b. 
{\^2coskx, k G The following choice of constants guarantees that our 

formulas agree with the classical ones: 

(1.23) Q(0) = if Q is continuous at 0. 

Next we give the Fourier representation of the operators and their 
domains (see [U Prop. 15]). Notice that the matrix of the operator L,Dir (see 
(jl.24p below) does not depend on the choice of constants discussed in the 
above Remark. 

Proposition 3. In the above notations, if y G Flj^^, then we have y = 
YlkLiVkV^sinkx G D(L Dir ) and Ly = h = ^2^ =1 h k (y)V2smkx G H° if 
and only if 

(1.24) h k (y) = k 2 y k + ^=Y1 { V{ ^ k ~ m l) " V(k + mj) y m 
and l^fc(y)| 2 < oo, i.e., 

(1.25) D(L Dir ) = {ye H 1 ^ : {h k {y)? G ^ 2 (N)} , 

oo 

(1.26) L Dir (y) = hk(y)V2sm. kx. 

k=l 



3. We study the equiconvergence of spectral decompositions of the op- 
erators L Per ±, Li)i r and, respectively, L° Per± , lP Dir by using their Fourier 
representations with respect to the corresponding o.n.b. fjl . 1 1 j) — (j 1 . 1 3 [) . In 
view of Propositions [T]and [3l each of the operators L = L Per ±, Lrjir has the 
form 



(1.27) 



L = L + V, 
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where the operators L° and V are defined, respectively, by their action on 
the sequence of Fourier coefficients of y = J2r p ± Vk ex P ^ x e ^Per± 01 
y = J2r Dtr VkV^sinkx G Hjj ir as follows: 

(1.28) L° : (y k ) ->• (/c 2 ^.), A; G r Per± , r flir , 

(1.29) F : (y m ) -> (zjfe)i z fc = ^ V(& - m)y m , fe, m G r Per ± 

for 6c = Per^ with V(fe) given by (|1.17|) . and 
(1.30) 

V : (y m ) -> (z k ), z k = — (v(\k-m\) -V(k + m)^Jy m , /c, m G N 

* m=l 

for 6c = -Dzr with V(k) given by (jl.22p . 

These matrix representations could be used (see [7]) to justify the 
standard resolvent formula 

oo 

(1.31) R x = R° x + R x VR° x +Y. R ^ VR ^ m > X ? S P( L bc)- 

m=2 

Let II/v = TLjsr(oj, ft), N G N, oj, ft > be the rectangle 

(1.32) U N = {z = x + iy : -u < x < N 2 + N, |y| < ft}, 
and let 

(1.33) S N = J- [ R x dX, S° N = -L / i?°dA. 



27 ™ Jau N ' 27ri J an? 



The spectra of operators L Per ± are discrete; there are numbers ojq = ojq(v ), fto 
fto(v) and iVo = Nq(v) such that for w > wo, ft > fto and N > No the rectan- 
gle (|1.32|) contains all periodic, antiperiodic or Dirichlet eigenvalues which 
real part does not exceed iV 2 + N (see [7] ) . 
By (|1.3ip we have 

(1.34) s N -S° N = ^- f (R x -R° x )dX = T N + B N , 

2m Jan N 

where 

(1.35) T N = -L / R° x VR° x dX 

i r 00 

(1.36) B * = ^P E ^(^) m dA. 

The representation (jl.34p is crucial for our approach to equiconvergence 
in the case of singular potentials. The operator Bn gives the "easy" part 
Sn — Stf] w e estimate from above its norm by integrating the norm of the 
integrand in (|1.36p . However, when estimating the norm of Tjv it is essential 
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first to integrate over OUn using residuum techniques - see Sections 3-5 for 
details. 

4. How do the deviation-operators 

(1.37) S N - S° N : X -> Y, N oo, 

behave for different pairs of functional Banach spaces? 

How does this behavior depend on the potential v, or on parameters p or a 

if 

(1.38) v G L p , l<p<2, and v G 7T a , < a < 1? 

If y = C = C([0, 7r]) or L°°([0, 1]) in (jl.37p we speak on uniform equicon- 
vergence. 

V. A. Marchenko [26J proved, in the case be = Dir, that 
(1-39) HCSW-S^/lloo-^O 

if v G L 1 ([0,7r]) and / G L 2 ([0,7r]). V. A. Vinokurov and V. A. Sadovnichii 
|55j showed ()1.39j) in the case when be = Dir, v is real- valued such that 

(1.40) v = Q' with Q being a periodic function of bounded variation, 
and / G L l . 

One of the main results of our paper is the following assertion (see The- 
orems H] and [TO]) 

Suppose v is complex-valued, and be = Dir,Per + or Per~. If v G L 1 
then 

(1.41) \\S N -S% : L 1 ->C|| -> 0. 
7/ u satisfies \1.4Uj ), then 

(1.42) ||(5 JV _ S r )/|| oo _^ V/gLH^tt]). 

Notice that in this statement 

• 6c is not only Dir but Per + and Per~ as well; 

• w is complex-valued; 

• if ?) 6 L 1 the claim (|1.4ip is made for norms of the deviation- 
operators. 

(The latter means an improvement of Tamarkin's second theorem in the 
case of Hill operators as well.) 

For the family of L p -spaces we extend (|1.39p to claim (see Theorem [5] and 
Corollary O in Sect. 2) the following: 

Let v G L p , 1 < p < 2, 1 < a < b < oo and 

(1.43) l/p + l/o-l/6< 2. 
Then 

(1.44) \\S N -S° N :L a ^ L b \\ < C\\v\\ p N^' , 
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where 

(1.45) 7 = (l-l/p) + (l-(l/a-l/6)). 
In Marchenko's case ()1 .39[) 

p = l,o = 2,6 = cx3 so 7 = 0+ (1 - 1/2) = 1/2; 
therefore (|1.44p and fjl.45|) imply that 

(1.46) \\S N -S° n :L 2 ^ C\\ < C||u||i N- 1 / 2 

For be = Dir I. V. Sadovnichaya |39|. [40] considered the problem of uniform 
equiconvergence for Hill operators, respectively, with singular potentials v 6 
H~ a , 1/2 < a < 1 and v G iT" 1 ; see related papers [37l SHI El |42] also. 

We extend analysis to be = Per + and Per~ and prove uniform equicon- 
vergence as 

(1.47) ||5jy — S% : L 1 —?■ C\\ —?■ if v G #~ 1/2 , 
and moreover, for u G H~ a , ^ < a < 1 we have 

(1.48) \\S N - S° N : L a ^ C\\ ^ 0, l/a = 3/2 - a. 

(See more precise and complete claims in Sections 3 and 4.) The cases 
v G H~ l , be = Per^, remain unsolved although for be = Dir it has been 
successfully done by I. V. Sadovnichaya [40] , 

Remark. In our main statements on uniform equiconvergence (Theo- 
rems HI [T0| [14l) the proofs give stronger claims on absolute convergence 
of Fourier coefficient sequences (/&), so the L°°-norms in the image-spaces 
could be changed to the Wiener norms \\f\\w = The inequality 

(|l,14p guarantees that the Wiener norm is stronger than the L°°-norm. 

5. Multidimensional analogs of the above questions are more complicated 
because the structure of the spectrum and eigenfunctions of the free op- 
erator, say, in the case of L = —A + v(x), x G G C M' m , G being a good 
bounded domain in W 71 , by itself is formidable problem - see for example pp. 
It does not give any ready answers to be used in analysis of equiconvergence. 
Still let us mention [28] where one can find an example of multidimensional 
equiconvergence in the case of polyharmonic operators (— A) a under strong 
assumptions on the dimension m and the order 2a. Moreover, in the case of 
ID Dirac operators L (see [H[29]), when basic spectral properties of the free 
operator L° subject to periodic, antiperiodic or Dirichlet be are well known, 
a series of statements on equiconvergence of spectral decompositions has 
been proven in [29]. In [U [9], we considered the Dirac operator L subject to 
arbitrary regular be. We constructed canonical Riesz bases of root functions 
of L°, used these bases to develop Fourier analysis of L, proved existence 
of Riesz type spectral decompositions of L and established for potentials 
v G H a , a > uniform equiconvergence of the spectral decompositions of 
Dirac operators L and L°, subject to arbitrary regular be. 
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The general approach and framework in this paper are similar to those in 
[29] (in the case v G L p , 1 < p < 2) and P ^ (in the case v G H~ l ). 

Acknowledgements. We thank Professor Arkadi Minkin for the very useful 
discussions of many aspects of the equiconvergence theory. 

P. Djakov acknowledges the hospitality of Department of Mathematics 
and the support of Mathematical Research Institute of The Ohio State Uni- 
versity, July - August 2011. 

B. Mityagin acknowledges the support of the Scientific and Technological 
Research Council of Turkey and the hospitality of Sabanci University, April- 
June, 2011. 

2. The case of potentials v g L p , p G (1,2]. 

1. First we consider the case of potentials v G L p ([0,ir]) p G (1,2], which 
illustrates all crucial steps in our scheme but technically is more simple. We 
normalize the Lebesgue measure so that the interval [0, tt] has measure one, 
and set 

i/p 



II/IIp = 11/1^11 



- f l/(*)l P 

Jo 



If F and G are two functions then we write F < G for x G D (or simply 
F < G when D is known by the context) if there is a constant C > such 
that 

F(x) < C • G(x) Vx G D. 
We write F ~ G if we have simultaneously F < G and G < F. 

Theorem 4. Let a potential v be an L p -function, 1 < p < 2, l/p + 1/q = 1. 

Then, for be = Per^ , Dir, 

(2.1) \\S N — S% : L 1 — » C\\ < N- l /\ N > N*(\\v\\ p ). 
Proof. By (02l - (06i 

(2.2) S N - S° N = -L / (R(z) - R°(z))dz, 

2m Jdn N 

where 

oo 

(2.3) R(z)-R°(z) = Y,U(m), 

m=2 

and 

(2.4) U(1) = R°, U(k + 1) = U(k)VR°, k > 1 

with understanding that f|2.2[) — fj2.4[) hold if all the operators are well-defined 
and the series and integrals do converge. We justify the latter by using 
inequalities proven in Section 6, Appendix. 
The following diagrams help: 

(2.5) f^^Ai r Af p ^f, D = R°FVF-\ 
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with r and p chosen so that 
(2.6) 

, . 1 1 , /1N 1 1 1 , , 11/ 1\ 1 

(a - + - = 1 and (6 - + - = - =► c 1 > - = - 1 + - > -, 
r p p p r r 2 \ p J 2 

and, for m > 2, 

(2.7) L 1 ^> £°° f ^ 2 f^L^rAf ^l 1 ^! C, 
where 

(2.8) ^:/^((/,n fc )) fce r 6c 

puts in correspondence to / its sequence of Fourier coefficients with respect 
to the canonical o.n.b. fjl . 1 1 j) — (j 1 . 1 3 1> . 

^° : (**) -> "As :fcer ^ 
is a multiplier-operator in sequence spaces, and 



T 1 : (i fc ) ^^2t k u k ( 



fcer 

is the restoration of a function from the sequence of its Fourier coefficients. 
These are algebraic definitions but ()2.6a ) and (|1 . 14|) guarantee that 

(2.9) || J - : U -> i p \\ < V2, WT' 1 : f -> Z/|| < 

(see Hausdorff- Young Theorem, |56} Theorem XIL2.3]), and (12.6b ) - with 
Holder Inequality - shows that 

(2.10) \\V : L p ^ L r \\ = \\v\\ p . 

Analogously, in the case of multiplier-operators M : e k — > m k e k in sequence 
spaces we have, for 1 < a < b < oo, 

(2.11) \\M:l b ^t\\ = \\{m k )\t c \\ with 1/c + 1/6 = l/o. 



Now Diagram (I2.5P shows that 

(2.12) \\D : i r -»• f || = H^JVJ- 1 : f -> T|| < 2||£°|F|| • |M| P . 

Diagram (|2.7p gives a factorization of the operator U(m), m > 2, so we 
obtain 

(2.13) ||£/(m) : L 1 -> C|| < 4||^°|£ r || • ||D|| m - 2 ■ • IMIp- 

Next we will use (|2.12p . (I2.13P and inequalities from Appendix to get 
estimates for the norms of operators (|2.2p ^( j2T3"j) . The horizontal sides and 
left vertical side of <9IIjv could be sent to infinity (see Appendix, Lemmas [26] 
and [271), so 



1 r °° 

(2.i4) s N -s° N = — U ^ d y 

lm Ja n m =2 
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with 

(2.15) A N = {z = N 2 + N + iy, y € M} 

if we succeed to get good norm estimates on the line A^v- 
Notice that in ([2.120 . for z € A N , 

(2.16) \\R°\e p \\=A(z;p)= I ]T rzW ) ' ^ = ^ 2 + ^ + ^, 

so we obtain, by Inequality ([6.26D , 

(2.17) ll^°HI < C(p)AT- 1 . 

Now (pJ2|) and ([2TT7]) imply that there is N* = N*(\\v\\ p ) such that for 
N > we have 

(2.18) ||D|| < 2C(p)N- 1 \\v\\ p < 1/4, z = N 2 + N + iy. 
Thus, for z = N 2 + N + iy with N > N*, it follows from (pTPSj) that 

||[/(m) : L 1 ->C|| <4 3 - m ||i?°|f •|| 2 ||?;|| p = 4 3 " m yl 2 (z;r)||T;|| p , 
so by (I2TT41) 

(2.19) ||5jv-5^ : L 1 ->C|| < 8||v|| p / ^ 2 (z;r)dy. 

Ja n 

Corollary 1301 the third line in (|6.3ip . asserts that 

(2.20) / A 2 (z-r)dy <C{r)N- 2i - l ~ l l r \ 
J A 

By (|2.6b ). we have 

(2.21) 2(1 - 1/r) = 2 - (1 + l/p) = 1/q. 

Therefore, (f2TT9|) . (pT20|) and (j!T2"Tj) imply ([23]) , which completes the proof. 

□ 

2. Next we estimate the norms ||<Sjy — : L a — > L b \\, where L a and L b 
are intermediate spaces such that 

(2.22) L 1 D L a D L b D L°°, 1 < a < 2 < b < oo with l/a - 1/6 < 1. 
Now we consider the following factoring of J7 (m) : 

(2.23) L a A r r ^ 2 r ^4 l* -A l s ^> r & if, 

where the operator D is defined from the diagram 

(2.24) l T ^\l} Ai s Af -^>T, D = R°TVT- 1 . 

The arrow-operators in the above diagrams act as bounded operators be- 
tween the corresponding Banach spaces (of functions or sequences) if the 
following seven conditions hold: 
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(CI) 1/a + 1/a = 1, a < 2 (Hausdorff- Young) ; 

(C2) 1/a + 1/r = 1/r, (Holder inequality) with r chosen to measure 
the norm of the multiplier-operator R°; 



(C3) 


1/r + 1/t = 


1, r < 2 (Hausdorff- Young) ; 


(C4) 


1/t + l/p = 


1/s, (Holder inequality) with v £ L p 


(C5) 


1/s + 1/(7 = 


1, s < 2 (Hausdorff- Young) ; 


(C6) 


l/o- + 1/r = 


1//3, (Holder inequality); 


(C7) 


1/0 + 1/6 = 


1, p < 2 (Hausdorff- Young). 



One can easily see that (C1)-(C7) imply (together with (|2,22p ) 

(2.25) l/r = i(l/o-l/6 + l/p)<l, p€[l,2]. 

Moreover, if r is given by (|2.25p . then the parameters r,t,s,a are uniquely 
determined by (C2)-(C5), and we have r < 2, s < 2. 

As in the proof of Theorem H] we want to use (|2.2p - (|2.3p and prove that 
the series on the right side below converges and 

1 r °° 

(2.26) s N -S° N = — V U{m)dy. 

Since : 1° £ T \\ = \\R°\£ P \\, from (jXM)) and (I2TTB1 it follows that 

(2.27) ||D:r-)>r|| < \\R°\e p \\-\\v\\ p = A(z;p)-\\v\\ p , z £ A N . 

Lemma [29l (|6.25p and (|6.26[) in Appendix show that even in the worst case, 
for p > 1, 

(2.28) || j R0| £P || =j4(z;p) <^ ) zGAiV . 

Therefore, in view of (p^T) and (f2728]) . there is TV* such that 

(2.29) ||£> < 1/2, iV > iV*, z G A^r- 

We have chosen r so that the norms in (C2) and (C6) are equal: 

(2.30) \\R° : £ a £ T \\ = \\R° : l a &\ = 
Now (f2T23l together with P^D ~ (l2T3Tl show that 

\\U(m) : L a -> L b \\ < (l/2) m - 2 ||w||p||i?°|r|| 2 for N > N*, z £ A N . 
Therefore, by plBj) and (I23HD . 

(2.31) ||5jv-5^ : L a -> L fe || < / £ ||?7(m)||dy < 2||u|| p / ,4 2 (z;r)dy. 

•^ A JV m= 2 ^ A iV 
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Corollary 1301 see Appendix, gives estimates for f A A 2 (z;r)dy. In view of 
(|2.25p . it leads us to the following. 

Theorem 5. Suppose v G LP , 1 < p < 2 and be = Per* or be = Dir. If 
(EM) holds, then l/r = ±(l/p + 1/a - 1/6) < 1 and for N > N,(\\v\\ p ) 



(2.32) 

with 
(2.33) 



\\S N -S° N :L a ^L b \\<{ 



'w ifr>2; 
^ tfr = 2; 
AT-t if r < 2, 



7 = (1 - l/p) + (1 - (1/a - 1/6)). 



Corollary 6. If 1 < a < 2, b = oo, and 1 < p < 2 £/ien l/r > 1/2 and 6y 
fOl) and (KM) 

(2.34) ||^-^:L a ^C||<iV-' 5 , 5 = (1 - l/p) + (1 - 1/a). 



3. /^-POTENTIALS AND WEAKLY SINGULAR POTENTIALS 

1. Now we consider the uniform equiconvergence for functions in L 1 in the 
case of of L 1 -potentials and potentials v which are derivatives of functions 
of bounded variation. 

J. Tamarkin [531 [54] proved - even in the more general case of higher 
order ordinary differential operators subject to Birkhoff-regular boundary 
conditions - that 

(3.1) if v, f G L 1 then \\(S N - S° N )f\\ c[0 , n] ^ as N -> oo. 

We will show, for be = Per* and 6c = Dir, that not only strong con- 
vergence holds but the norm convergence to zero of the deviation operators 
Sn — Sjy takes place as well. 



2. Let veL 1 , 6c = Per* or Dir. We set 

(sup{V(k) : \k\ > n} if 6c = Per*, 
I sup{V(k) : k > n} if 6c = Dir, 



(3.2) v*(n) 



where V(k), k G 2Z and V{k), k G N are, respectively, the Fourier coeffi- 
cients of v(x) about the systems {e lkx , k G 2Z} and {^/2coskx, k G N}. 

Theorem 7. If v e L 1 then, forO<H<N, 

(3.3) \\ Sn -S n :L 1 ^C\\<v*(H) + ^. 

In particular, if H = N"', < 7 < 1, then we have 

(3.4) \\S N - S% : L 1 -> C|| < ^(iV) + iV^ 1 . 
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Proof. By (|1.34p . Sn — S% = T/v + -Bat, where T/v and Bn are given, re- 
spectively, by (|1.35p and (jl.36p . 

In Formula (|1.36p . the horizontal sides and left vertical side of 8T1n could 
be sent to infinity (see Appendix, Lemmas 1261 and I27p . so it follows that 

„ oo 

(3.5) B N = — U(m)dy. 

l7Tl Ja n __o 



m=3 

As in Section 2, we analyze the series under the integral in (|3.5p by using 
diagrams. We factor the operator U(m), m > 1, by the diagram 

(3.6) L 1 A e°° t 1 l l C, U(m) = t^d^Wt, 
where the operator D : I 1 — > i 1 is defined by 

(3.7) D = R°FVJ r - 1 , i l Al 1 Af 50 ^i 1 . 
In view of (|1.14p . it follows that 

(3.8) L 1 -^°°|| < y/2, H-F -1 : I 1 -»• L°°|| < \Pl. 
Therefore, by (|3.7p and (|2.16p we obtain 

(3.9) \\D\\ < 2|| J R |^ 1 H • Nil = 2A (z; 1) • IMIi- 
By Lemma [29l (|6.25p in Appendix, we have that 

(3.10) ||£0| £ i|| =j4(z;1) <l^ zeAN ^ 

In view of (|3.9p and (|3.10p . there is iV* such that 

(3.11) \\D U 1 < 1/2, N > N*, z£A N . 

Now, by (JHHD, (l3T8l)- (^Tll it follows for m > 3, N > N m , z G Ajv, that 

||f/(m)|| < 2|| J R°|£ 1 || • \\D\\ 2 • \\D\\ m - 3 < 8(l/2) m - 3 ||t>||?,4 3 (z; 1), 
which yields, in view of (|3.5p . 



\\B N : L 1 ^ C\\ < J2\\U(m)\\dy <16\\v\\l A 3 {z;l)dy. 

J An m=3 -^Ajv 
Hence, from Corollary 1311 it follows that 
(3.12) \\B N : L l -+ C\\ < 1/N. 



3. Next we need to analyze the operator T/v. As before, we may explain 
that T N = ^riJ AN U(2)dy. However, J An A 2 (z; l)dy = oo, see in 
Appendix, so - contrary to the case in Section 2 - we cannot integrate the 
estimate ||J7(2)|| < CA 2 (z; 1) over A^r and get an estimate of ||Tv||. 
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We go around this bump by integrating first in (|1.35p and then analyzing 
the resulting operator by using its matrix representation with respect to the 
basis of eigenfunctions of the free operator L° c . Let 

(3.13) f = J2 fkUk G L 1 
so if be = Per + or Per~ 

(3.14) R°VR°f= V — 

z — m- . 
mGr 6c \k&r b 

Our goal is to get the norm estimates, and if our results depend only on 
the norms it is sufficient to check estimates on dense subsets in L , both for 
/ and for v. Therefore, one may assume that all sums are finite. 

Notice that 
(3.15) 

'0 if \k\, \m\ < N or \k\, \m\ > N, 



V V(m-k)f(k) \ 



Ur, 



1 

2vri 



dz 



(z — m 2 )(z — k 2 ) 



l 

m 2 — k 2 
-1 



if \m\ < N, 



>N, 



(3.16) 



T N (m,k) 



x „ if \m\>N,\k\<N. 
Therefore, the following holds. 

Lemma 8. For be = Per^, the operator Tjy from \1.35\) has a matrix 
representation 

' -gfeft (m,k)eX(N), 
0, (m,k)?X(N), 

respectively, about the o.n.b. {u m : m £ rp er ±} of eigenfunctions of the free 

operator L° Per± , where 

(3.17) 

X(N) = {(m,k) : m,ke T Per ±; \m\ < N, \k\ > N or \m\ > N, \k\ < N}. 

We will use this matrix representation many times in what follows. Now, 
in view of ()3.13j) and (|1 . 14[) , we have 
(3.18) 



l|r/||c 



(m,k)£X 



-V(m-k)f(k) 



k 2 \ 



u m (x) 



< V2 



E 

(m,k)£X 



\V{m-k)\ 
\m 2 — k 2 \ 



By Lemma l32l Appendix, 



(3.19) 



E 



1 



k 2 \ 



< 



TT 

— < 10 



(m,k)&X(N) 

for any N, and by Lemma [33l Appendix 
(3.20) 



E 

(m,k) e X(N) 
\m — k\ < H 



\m- 



1 , H 
< 4 ■ — 

-k 2 \ ~ N 
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Therefore, 

E S^#= E - E 

(m,fc)ex(7V) (m,k)eX{N) (m,k) e X(N) 

\m — k\ > H \m — k\ < H 

< 10v*(H) + [| x -4— . 



This completes the proof of (|3.3p if be = Per . 

4. The Dirichlet be is done in the same way but some adjustments should 
be mentioned. For singular potentials, the matrix representation of the 
multiplication operator V comes from the formulas (|1.21|) . (jl.22p and (jl.30p . 
Of course, in the classical case where 

1 f w 

v{x)£l}, V(0) = - / v(x)dx = 0, 
7T Jo 

we have 

v(x) = Q'(x) with Q(x) = / v{t)dt. 



Now one can easily see that (jl.30p holds with (V(k)) being the cosine coef- 
ficients of v(x), i.e., 



00 



Vu k = ^2 V mk u m , u k = V2s'mkx, 

m=l 

where 

V mk = -^(v(\m-k\)-V(m + k)) , V(k) = — [ v(x)V2 cos kxdx. 

V2 V J 7T Jo 

If / = Ylk^i f(k) u k it follows that 

(3.22) R°VR°f = Y, 7^ I E tS 1 ) 

mer 6c \fcer bc / 

By ()3.15p , after integration we obtain the following matrix representation of 
the operator T/v- 

Lemma 9. For be = Dir, the operator Tn from M.35\) has a matrix repre- 
sentation 

( V(m+k)-V(\m-k\) / k) v(N) 

(3.23) T N (m,k) = \ V~2\m^\ > {™,k) E X{JM), 

I 0, (m,k)$X(N), 

about the o.n.b. {\/2sinkx, k G N}, where 

(3.24) X(iV) = {(m, fe) : m,fc£N: k < N < m or m < N < k}. 

With Formula (13.23P a proper adjustment in inequalities (|3.18p - (13.2ip 
leads to the estimate (13.311 in the case be = Dir. □ 
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5. The case where the potential v is a derivative of a i^F-function. 

In the case of Dirichlet be and a real- valued potential v = Q' , where Q is 
a 7r-periodic function of bounded variation on [0,7r], i.e., 
(3.25) 

n 

Var(Q, [0,71-]) = sup{^ \Q(xi)—Q(xi-i\ : = x < x\ < ■ ■ ■ < x n = ir} < oo, 

i=l 

V. A. Vinokurov and V. A. Sadovnichii [55J showed that 

(3.26) IKSV-S^/IU^O asA^oo V/ E ^([0, vr]). 

We consider be = Per + or Per~ as well and drop the requirement for v to 
be real-valued. The following is true. 

Theorem 10. Let v = Q' , where Q is a complex-valued function of bounded 
variation on [0, ir\. Then, for be = Per^ and be = Dir, the equiconvergence 
I3?m holds. 

Proof. Consider the diagram 

(3.27) c* Ar^f^cAr, 

where C* is the space of continuous linear functionals on C = C([0, it]). If 
v E C* and / G C, then the product v ■ f is an element of C* such that 

(v ■ f,(f) = (v,f ■ (f) Vip G C. 
As in the proof of Theorem [7] we come to the conclusion 



(3.28) \\S N 



S° N : L l ^C\\ <m(v*(H) + \\v\\ c S\ . 



If v € L 1 then v*{H) — > as H — > 0. But for v E C* we can only say that 
v*(H) < Mi Far(Q, [0,tt]) (see [561 Theorem II.4.12]). 
With H = N, we obtain from (f3T28l) 

(3.29) ||5iv — S% : L 1 — > C|| < M bc , 

where is a constant which does not depend on N. However, 

(3.30) \\(S N - S^Moo ^ 

if (p is smooth enough, say ip E C 2 ([0, tt]), and the space C 2 ([0, 7r]) is dense 
in ^([O,?!-]). This explains that (^91) leads to ([3726]) . □ 



6. The inequalities from Subsection 3.3 could be adjusted to analysis of 
"weakly singular" potentials v E H~ a , < a < 1/2, and one may show 
for such potentials that \\Sn - S% : L 1 ->• L°°|| ->• as N -)■ oo. But we 
prefer to analyze these potentials in the next section, together with "strongly 
singular" potentials v E H~ a , 1/2 < a < 1. 
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4. The case of potentials v G H~ a , < a < 1. 

1. Here we study how the equiconvergence depends on the singularity of 
v (measured by the appropriate scale of Sobolev spaces). 

Recall that if 17 = (ft(k))k£Z is a sequence of positive numbers (weight 
sequence), one may consider the weighted sequence space 

£ 2 (Q, 2Z) = Ix = (x k ) : Yl (\ x kMk)f < oo I 
I ke2Z J 

and the corresponding Sobolev space 

(1.1) lliil) (f > f k e ikx : (f k )e£ 2 (n)\. 



{/=£/* 

I k&2Z 



In particular, consider the Sobolev weights 

(4.2) n a {k) = (1 + k 2 ) a/2 , keZ, ael, 
and the logarithmic weights 

(4.3) up(k) = (log(e+\k\)f, kZ, /3gR. 

Let H a and bP denote the corresponding Sobolev spaces (|4.ip . Of course, 
H a C ft/ 3 if a > and ft/ 3 C # Q if a < for any [3. 
The following lemma will be useful. 

Lemma 11. lei 5 G CHl * 71 "])- 

faj /// G -1/2 < a < 1/2, tten f ■ g e H a . 
(b) IffehP, -00 < /3 < 00, t/ien f-gehP. 

Proof is given in (9j Appendix]. 

Now we consider potentials v G H~ a , < a < 1, i.e. v G H~^ r and 

(4.4) ^E^*, no) = o, E7rTW<°°- 

fce2Z fc v ; 
or equivalently (see (|1.17p ). v = Q' and 

(4.5) Q = ^ q(k)e ikx , V(k)=ikq(k), ^ |g(A;)| 2 (l + A: 2 ) 1 " < 00. 

fce2Z fc 

Notice that v G if and only if Q G H l ~ a . 

In the context of Dirichlet boundary conditions, we may consider the 
spaces H~ a , < a < 1/2 or 1/2 < a < 1, of all potentials -u G m~^ r such 
that 



(4.6) u = V(m)V2cos mx, V(0) = 0, ^ < 00 ' 

m=0 *" 
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or equivalently (see Formula (|1.22j) ). v = Q' for some Q such that 
(4-7) 

Q = ^2 q(m)V2smmx, V{m) = mq(m), Y2 |g(m)| 2 m 2 '- 1_a ^ < oo. 

It turns out that for < a < 1/2 the choice of an additive constant for Q 
(see Remark [2] and (|1.23|) ) is essential. Indeed, then (|4.7p and the Cauchy 
inequality imply 

Y l?MI < Y I<?(™)I 2 ™ 2(1 ~ q) Y m2[a ~ l) < °°> < « < tt 

m=l \ m / \ m / 

Therefore, if (|4.7j) holds with a £ (0, 1/2), then the function Q(x) is contin- 
uous, and Q(0) = 0. 

Proposition 12. If < a < 1/2 or 1/2 < a < 1, i/ien £T~ a = 
Proof. It is known that the discrete Hilbert transform 

(4.8) n:f(Z)^£ 2 (Z), (nx) n = Y^Tk 

act continuously in the weighted spaces 

\5\ < 1/2 ([191 Theorem 10], see also Lemma 32 in [9j Appendix]). We use 
this fact several times in the proof. 

First we show that H~ a C H~ a . Suppose v € H~ a \ then (|4.7p holds, so 

(4.9) (q(m)) mm G^m^N). 



Taking into account that 

f'TY 

(4.10) / smmxe~ i2kx dx 
Jo 



m = 2s > 0, \k\ ^ s; 

^sgn(k) m = 2\k\; 

^ 2s-l-2/c + 2s-l+2fc ^ = 2s — 1, 



we evaluate (/(2/c) = /rf £m=i ^(m)-^ sin ma;) e l2kx dx : 
(4-11) 

g(2fc) = -4?(2|fc|) S <m(fc) + £ «( 2s " X ) ( 2s - 1 - + 

* s=l ^ 



2k 2s-l + 2k 



In the case 1/2 < a < 1, the latter sum can be regarded as a discrete 
Hilbert transform of the sequence £ = (6c)fcez> where 

= if is even, ^ = —sgn(k) q(\k\) if k is odd, 

that is, we have 

q(2k) = ^q(2\k\) sgn(k) + ^(7tf) 2fc , («£) n = £ "^V 
^ 2 * Mn" 
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Moreover, by (gSj) we have £ 6 ^ 2 (0 { i_ Q ),Z) with < 1 - a < 1/2, so it 
follows that {(H£) 2k } € ^ 2 (^ (1 _ q) , 2Z). Therefore, gSJ holds, i.e., u G H- a . 
Hence F~ Q C if 1/2 < a < 1. 

In the case < a < 1/2, we multiply (|4.1ip by (2k)i and obtain 
(4-12) 

V(2k) = -Lv(2\k\) + i— V y(2s - 1) f \ 

y 1 J2 y 1 u vr ^ v ; \2s-l-2/c 2s - 1 + 2fe J 

s=l x ' 

because 

2k f ?— — + )—- -1 = (2s - 1) / ! ' 



2s- 1- 2ft 2s-l + 2ft/ v / V.2s-l-2/c 2s - 1 + 2k 

The sum in (14.12P may be considered as a discrete Hilbert transform of the 
sequence u = Uk, where 

Uk = if A; is even, u k = — V(\k\) if k is odd, 

that is, we have 

V(2k) = -±=V(2\k\) sgn(k) + —(Hu) 2k . 
a/2 

Since (V(m)) G £ 2 (^_ Q ), < a < 1/2, we obtain 

ue^H-J toef 2 (Sl_ tt ) =>- (V(2ft)) G C^i^l-a) v G H~ a . 

This completes the proof of the inclusion H~ a C H~ a . 

Next we show that H~ a D H~ a . Let w G F _c \ 1/2 < a < 1. Since 
g(m) = - Jq Q(x)y/2smmx dx, we obtain 



m) 



|^[(<z(2ft) - <K-2ft)] if m = 2*, 

| > ^-[ 9l (2fc + 2)-gi(-2A;)] if m = 2fc + 1, 

where {(71 (s), s G 2Z} are the Fourier coefficients of the function Q\{x) = 
e tx ■ Q(x). By Lemma [TTl we have 

Q £ F 1 -" <S=^> Qi G F 1 - if 1/2 < a < 1. 

Therefore, if | < a < 1 and v G -ff a , then we obtain 

v e H a =► g3|) =► Q G => Qi G H 1 - =► g2D => (USD => « G £T a , 

i.e., D tf- Q if 1 < a < 1. 

Next we show that # -a D H~ a in the case < a < \. Let v G 
Then, by (|4.5p and the Cauchy inequality, X]|<z(2ft)| < °°; so = 

q(2k)e l2kx is continuous function and we have 

(4.13) Q(0) = Y^q(2k) = g(0) = - £ g(2ft). 
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We evaluate the coefficients q(m), m G N : 

q(m) = — \/2 / Q(x) smmx dx = }^ q(2k) — / e l2kx sinmxdx. 

In view of (|4.10p . we obtain 

1 

(4.14) q(m) = —=[q{m) — q(—m)\ for even m, 

a/2 

(4.15) 5(m) = ^V : ,(2fc)(^ + _L_) taodd^. 

feez v 7 

By (f¥7T3]) . P~T5j) implies 

\/2 / 1 1 2 \ 

(416) 9 ~ (m) = V^^V^T^ + ^^-mJ fOToddm - 

Since Vim) = mq(m), V(2k) = i(2k)q(2k) and 

1 1 2 2k ( 1 1 

+ 



m + 2/c m — 2k m m \m — 2k m + 2k / 
from (14.16P it follows that 

where 

fo if s = 2k- 1, 

\V(2Jfe) if s = 2k. 

By g3|), we know that w G ^ 2 (ft_ a , Z), so G ^ 2 (0_ Q , Z) also. Therefore, 
by ASH) and (jCTTD we conclude that (F(m)) G € 2 (Q_ aj Z) 5 i.e., u G 
Hence, D H~ a if < a < 1/2. This completes the proof. □ 



Remark 13. The definition \4-(fy °f the classes H~ a for 1/2 < a < 1 is 
correct ( although if we add a constant C to Q then for odd m the coefficients 
V(m) will change by 2C ). But we cannot define a class H~ l l 2 by ( f^.ffi ) with 
a = 1/2 because such a definition will depend essentially on the choice of an 
arbitrary additive constant. 

2. Our main result in this section is the following theorem. 

Theorem 14. Let SV, S% be the spectral projections defined by \1.33\) for 

the Hill operators Lfy C (v) and L® c subject to the boundary conditions be = 
p er ± or ]Ji r 

(a) Ifve H~ a with a G (0, 1/2), then 
(4.18) \\S N - S% : L l ^ L°°\\=o(N a -^), N 00. 
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(b) If be = Per^ and v G H^ 1 ^ 2 or be = Dir and v = Q' with Q = 
EmsN?( m ) sin77ta; > EmeN \q(m)\ 2 m < oo, then 

(4.19) \\S N ~ S° N : L 1 -»• L°°|| -»• as JV -> oo. 

(c) If v € H~ a with a G (1/2, 1) and a = 3 _ 2 2a ('i.e., - = | — aj, #ien 

(4.20) H^jv-^i^^-L 00 !! -)-0 asN^oo. 

Proof. By (jl.34j) . we have Sn — S% = T/v + -Bat, where the operators T/v 
and -Btv are defined by (|1.35p and f j 1 . 36 j) . We estimate appropriate norms 
of the operators T/v and Bjy in Propositions [T71 and [191 below. The results 
obtained there are of independent interest - they are more general than the 
estimates leading to (j438|) - (|4T20]) . 

First we prove (a). Let v G H~ a with a G (0, 1/2). Then Proposition [T2l 
and flSD - flliZD imply that 

(4.21) qe£ 2 {n), qe£ 2 {tt), n{k) = (l + k 2 )^-^/ 2 . 

Therefore, by (b) in Proposition [19] (with a = 1 and 5 = 1 — a in (|4.68p ) we 
have 

So, choosing iTv = N a /logN we obtain 

\\T N :L l ^L°°|| =o[N a -^j 

because (q) — > as N — > 0. 

On the other hand, by (c) in Proposition [T7] (see (|4.46p with 5 = 1 — a) 
we have 

\\B N ■ L 1 -> L°°\\ < N^ilogN) 2 = o (V*-^) . 

Hence (gjgj) holds. 

By the assumption of (b), it follows that (|4.2ip holds with a = 1/2. 
Indeed, if v G iT -1 / 2 , this follows from (|4.4p and (|4,5p . and it is assumed 
that g G ^ 2 (f2) with £l(k) = (1 + A; 2 ) 1 / 4 . Now the same argument as in the 
proof of (a) shows that (|4.19j) holds. 

Finally, we prove (c). Let v G H~ a with a G (1/2, 1). As in the proof of 

(a) , Proposition QJ and (pL4} -(|47T ]) imply that (g^Q holds. Therefore, by 

(b) in Proposition UM with a = 5 = 1 - a and H = N a ^ in (gjgg]) , we 
obtain 

llT^iL^L-H^^ + ^^^O as TV ^00. 

On the other hand, in view (c) in Proposition [T7] (see (|4.46p with 5 = 1 — a) 
we have 

\\B N : L a -»■ L°°|| < ||5iv : -»• L°°|| ->• as iV ^ 00. 
Hence (|4.20p holds, which completes the proof. □ 
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3. Our proofs are based on the Fourier analysis approach to the theory 
of Hill operators with singular potentials developed in [6]. Below we recall 
some basic formulas related to this approach. 

In general, there are no good estimates for the norms of R X V and VR X 
in the case of singular potentials. Therefore, now we write the standard 
perturbation type formula for the resolvent R\ in the form 

oo 

(4.22) Rx = R°x + R°xVR° x + ... = Kl+Y J K x (K x VK x ) m K x , 

m=l 

where 

(4.23) (K x f = R° x . 

We define an operator K = K x with the property (|4,23p by its matrix 
representation 

(4.24) K jm = — — \ 2 y/ 2 5jm, j,meT bc , 
where 

zVa = ^ e i(p/2 if 2 = re ilp , < ip < 2vr. 
Then R x is well-defined if 

(4.25) \\K X VK X : f(T bc ) -> e 2 (r bc )\\ < 1. 

In view of ()1.29j) and ()4.24j) . the matrix representation of KVK for peri- 
odic or anti-periodic boundary conditions be = Per^ is 

(4 26) (KVK)- ~ y(j ~ m) -j (3- m ^-m) 

1 ] ^ KVK hm- (A _ i2)1/2(A _ m2)1/2 - i (A _ j 2 ) l/2 (A _ m 2 ) l/2' 

where j, m G 2Z for be = Per + , and j, m € 1 + 2Z for be = Per~ . Therefore, 
we have for its Hilbert-Schmidt norm (which dominates its £ 2 -norm) 

(4.27) \KVKfj,,- £ % m) ^S™f - 

In the case be = Dir, we obtain by (|1.30f) and (I4.24D that 

1 \j — m\ q(\j — m\) — (j + m) q(j + m) 
V2 (A-j 2 ) 1 /2(A-m 2 ) 1 /2 

Thus, 

(429) \\KVK\\ 2 < V (■?' ~ m ) 2 lg(i - m )l 2 + U + ^) 2 |g(j + m )\ 2 

HS ~ ^ \\ — 7 2 ||A — m 2 \ 

In view of (|4.27p and (|4.29p . we can estimate from above the Hilbert- 
Schmidt norm ||.K'V.K'||#s by one and the same formula in all three cases 



(4.28) (KVK)j m = — ^= - ,9M/9/x .-9M/9 ' J,™ EN. 
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be = Per + , Per , Dir. Indeed, if we set q(k) = for k E 2Z+1 if be = Per^, 
and q{k) = g(|fc|) if be = Dir, then q E £ 2 (Z) and we have 

(4.30) ||K^|| H5 < ^ u^iu^i ■ ^ = Per , Sir. 



4. Next we estimate the Hilbert-Schmidt norm of the operator K\VK\ for 
A = N 2 +N+iy, y £ R. For a sequence q = (q(k)) E £ 2 , or g = (g(fc)) E ^ 2 (^) 
we set 
(4.31) 

/ x 1/2 / x 1/2 

£m(q)= E l^)l 2 > £ m(9)= E kWl 2 (o(fc)) 2 

\|fc|>M / \\k\>M 



Lemma 15. For q = {q(k))k^z £ ^ 2 (Z) we sei 

— J7i) 2 |9(j — n 
| A — j 2 | | A — m 



T/ien 

|2 

r2 



(4.33) Viv(y) < N 2 ( il^L- + 16(^(g))^ ) b N (y) + lG^jv^rMy), 



iV 
where 

(4.34) a w (y) = E-4r 2T , My) = E u A212 » A = iV 2 + iV + zy. 



fcez 1 1 kez 1 1 



Moreover, if \y\ > iV 8 , i/ien we /iaue 
(4.35) 



^v(y) < ^ + I6(^(<z)) 2 ) 6 JV (y)+ ( M!= + I6(<f |y|1/4 (g)) 2 j a at (y) • 

Proo/. In view of 

(4.36) ^M = E(E IA-^H-^i ) + + 
where 

(4.37) en = E • • • > ^ = E • • • ' a 3 = E • • • • 

\s\<y^N >/N<\s\<AN \s\>AN 

The Cauchy inequality implies that 

(4.38) E u _ m 2i|A - ( m + s) 2 \ ~ ^ |A-m 2 | 2 ' 
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Therefore, in view of (j4.34|) . it follows that 

(4.39) n < ( E s2 i9( s )i 2 ] My) ^ N hf b N(y) 

and 

(4-40) a 2 < ( Yl s2 \^\ 2 I My) Z (4iV) 2 (^(g)) 2 ^(y). 

\v / A' : <|s|<4Af / 

Next we estimate 0-3. In view of (|4.36j) and (j4.37|) . 

■2 



0-3 < O^uvO?)) 2 ■ sup E 



\s\>4N^ \ x ~ {m + s) 2 \\X-m 2 \' 
If Isl > AN and X = N 2 + N + iy, then 



s 2 



(4.41) < 1 . 

|A — (m + s) 2 1 1 A — m 2 \ \X — m 2 \ |A — (m + s) 2 \ 

Indeed, if |m| > |s|/2, then (since \s\/4 > N) 

\X - m 2 \ > m 2 - \Re X\ > s 2 /4 - (N 2 + N) > s 2 /4 - 2(|s|/4) 2 > s 2 /8, 

so (I4.41D holds. If \m\ < \s\/2, then \m + s\ > \s\/2, and as above it follows 
that |A - (m + s) 2 \ > s 2 /8, so (I4.4ip holds also. Therefore, 



Es 2 v-^ 16 



M>4JV~ |A - (m + s) 2 ||A - m 2 | ^|A-m : 
so we obtain 

(4.42) as < 16(fi4^(9)) 2 ajv(!/)- 

Now, in view of (P6|) . the estimates (|4T39l) . (I4^0|) and (|P2"]) imply (|4T33"1) . 

Next we prove (|4.35p . To this end we estimate cr 3 = 03(2/) for |y| > iV 8 . 
Then 

cr 3 = ^ h E •'• = °"3,i + 0-3,2- 

4*r<\s\<\y\V* M>|v|V4 

If \s\ < \y\ l / A , then 

|y| 1/2 _ 1 



|A- (m + s) 2 \ ~ \ImX\ \y\W 
so 



* 3>1 -mM ^ k(s)|2 ^]A^-7fcr ajv(y) - 

\4Ar<| s |<| 2/ |i/4 y m 1 ! V 1^1 



1 2 
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On the other hand, by (j4.41j) 

0-3,2 < Yl l«( s )| 2 I • 16 «Ar(y) < 16(£ lyl iMq)) 2 a N (y), 

\\s\>\y\V* J 

which completes the proof. □ 

Lemma [TBI is a modification of [6, Lemma 19]. We need also the following 
lemma which is a modification of [6j Lemma 20]. 

Lemma 16. In the above notations, for be = Per^ or Dir, if h > N then 
(4.43) 



S up{\\K x VK x \\ HS : |JteA| < N 2 + N, \Im\\ > h} < ^^\\ q \\+S 4VK (q), 
where q is replaced by q if be = Dir. 

We omit the proof because it is the same as the proof of Lemma 20 in [6]. 



5. We estimate the norm of the operator Bn by using Lemmas [T5l [TBI 
and Lemmas [26J and [29] from Appendix. Let v = Q' , and let q = (q(2k)) and 
q = (q(m)) be, respectively, the sequences of Fourier coefficients of Q about 
the o.n.b. {e l2kx ,k G Z} and {\/2smmx, m G N}. 



Proposition 17. (a) If be = Per^ 1 , then 

\qf 

N 

Ifbc = Dir, then {4-44 ) holds with q replaced by q 



(4.44) \\B N \\ Ll _+ Loo < 



+ (^(g)) 2 ) (log iV) 2 + jT - t {£t{q)?dt. 



(b) Suppose £l(t), t G K, is a real function which is even, unbounded and 
increasing for x > 0. If q G £ 2 (Q) and be = Per^, then 

( , 45) l|Bwllll _<(M + ^ 0og ^ + /;« fd , 

If be = Dir and q G £ 2 (&), then ft4-45\ ) holds with q replaced by q. 

(c) If be = Per^- and q G £ 2 (£l) or be = Dir and q G £ 2 {Q), where 
U(k) = (1 + k 2 ) 6 / 2 , 8 G (0,1), then 

(4.46) \\B n \\li->l°° <N- 5 (logN) 2 . 

If Q(k) = (log(e + k))P , /3 > 1, and respectively, be = Per^ and q G £ 2 {£l), 
or be = Dir and q G £ 2 (Q), then 

(4.47) \\Bn\\li-+l°° ^ (logN) 2 ' 213 ^ as N oo. 
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Proof. Recall by (OBI) and (P.ZD that 



(4.48) B K = ) ^ fl^ 

-'Clljv m=2 



where ILv = {A = x + % : -u < x < N 2 + N, \y\ < h}. In view of (|4T23|) . 
^(Fi?°) m = K x {K x VK x ) m K x , so we have 

(4.49) [|/$(W#H| L i_ £ « < UKaII^^IIKaI/KaII^^II^aIIl^l- 
By (gJU) and ([O]) , it follows that 

(4.50) UtfAllli-^ = II^Alli^^ = £ ly^i = ^( A < !)• 

k 

Since the Hilbert-Schmidt norm dominates the L 2 -norm, by ()4.49p and (|4.50l) 
the || • Hii^^oo norm of the integrand in (|4.48j) does not exceed 

oo 

(4.51) Yl \\ R x(VR x r\\ L ^L~ < S(X), 

m=2 

where 

oo 

(4.52) S(\):=A(\,l)J2\\KxVK x \\% s . 

m=2 

The integral in (|4.48p does not depend on the choice of the parameters 
u > too, h > ho in (|l,32l) because the integrand depends analytically on 
A = x + it if x < —coq, \t\ > ho. Lemma [TBI implies that if \Im A| = h then 
||AaFAa||//s' < 1/2 for large enough h. Therefore, in view of (|4.5ip . (|4.52p 
and Lemma [26] (Appendix, formula (]6.1ip with r = 1), if A is large enough 
then on the horizontal sides of the rectangle IIjv the norm of the integrand 
in (|4.48p does not exceed 

S{\) < A(\,l) <h-^ 2 , \ImX\=h>N 2 . 

Let Ajy and A^ be the vertical lines 

A N = {A = A 2 + A + iy : y G R}, A N = {A = -(A 2 + A) + iy : y € M.}. 

Now, taking uj = N 2 + A and letting h — > oo we obtain (since the integrals 
on horizontal segments go to zero) that 

-. oo ^ oo 

(4.53) B N = — ^RKvRlrdX-— ^R x (VR° x rdX, 

JA N m=2 Ja n m=2 

provided both integrals in (|4.53p converge. Therefore, from (|4.51 j) and (|4.52p 
it follows that 

\\B N \\v.^v» < I S(X)dy, A = ±(A 2 + N) = iy. 
Ja n ua n 
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In view of (j4.27j) or (14.290 . one can easily see that f A - S(X)dy < J An S(\)dy 
because S(-(N 2 + N) + iy) < S(N 2 + N + iy), which implies that 

(4.54) \\B N \\ L i^ L oo < 2 I S(X)dy. 

Ja n 

Moreover, for large enough N we have 

(4.55) \\K x VK x \\ H s < 1/2 for A G A N . 
Indeed, in view of (|4.30j) and ()4.33p in Lemma \15\ we have 

\\KxVK x \\ HS <^ N (y), X = N 2 + N + iy£A N , 

with 

1>n(v) < N 2 (M! + 16(£^(g)) 2 ) bN{y) + iQ(£ iN ( q )f aN (y), 
where ajv(y) and b^{y) are given by (|4.34|) . By Lemma [291 we have that 

(4.56) a N (y) 



rM if \y\<N; 



< 



N 

7v 



(4.57) b N (y) 



^log(l + f) if iV<|y|<iV 2 ; 

if \y\ > N 2 ; 



if \y\<N; 
34 if N<\y\<N 2 ; 

ii if \y\> N2 - 



Since £ ^(q) — > as TV — > 0, by (|4.56p and f|4.57j) one can easily that 
sup{V'Ar(y) : y G M} — >■ as N — > 0, which proves (|4.55p . 

From (|tS5D it follows that £™ =2 H^a^aII^s < \\K X VK X \\ 2 HS if A € Atv- 
Thus, by ()4T30j) . (Q2D and (|Q4l) . we obtain 

(4.58) S(X) < a N (y)ip N (y) for A = iV 2 + N + % e Ajv. 
In view of (H~5lj) and (jQgj) . 

(4.59) II-BatIIli^loo < 2 / a N [y)i) N {y)dy = 2{h +h + h + h), 
where 



/l = / • • • , h = \ ■ ■ ■ , h 

J\y\<N JN<\y\<N 2 J N 2 <\y\<N s J\y\>N 8 

Now we estimate I\. In view of (|4.56p and (j4.57|) . if \y\ < N then a/v(y) < 
M ; an d b N (y)<^. Therefore, by l|Pgj> . 

logiV /|M| 2 , . c . ,. 2 \ , , c . ,, 2 (logiV) 2 



a N {y)^N(y) < ^ + (^(g)) 2 ) + 



AT2 

logAT /ll^ll 2 
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Therefore, we obtain 

(4.60) h<2N- max a N (y)1> N (y) < (^f + (^(g)) 2 ) log AT. 

Next we estimate I 2 . In view of (|4.56p and f|4.57j) . if N < \y\ < N 2 then 
aiv(y) < F lo §( 1 + Tyf)' and b N(y) < Tvj^y- Therefore, (|4.33p implies 

<w(v)iMv) < p log (i + ^ + M«)) J 



+ fe(,)) 2 (^log (l + ^)) < ^log (l + ^) [tf- + (£^( q )Y 
because > log (l + . Now, since 

/ -log(l + iV 2 /y)^< (logiV) / -dy < (log N) 2 , 

Jn y Jn y 

it follows that 

(4-61) h < + (^(?)) 2 ) (l°g^) 2 - 

If iV 2 < \y\ < N 8 , then by (|Q5]I . (14~56|) and (14371) it follows that 



aN{y)^N(y) 



< 



N 2 



y 2 \ N 
So, taking into account that 



+ (^(</)) 2 ) + ^(W<?)) 2 - 



Jy8 1 1 f^ 8 1 



~2 d y < T72^ / -dy = 61ogiV, 
7V2 y 2 N 2 J N 2 y 



we obtain 



(4.62) h <(ist +{£vwiq) fy ogN . 

To estimate I4, we use that the estimates (|4.35p . (|4.56p and (|4.57p imply, 
for \y\ > N 8 , that 



aN{y)i>N{y) < — n- 



iv2 '' 110112 + (^)) 2 )+^(^ + («i„i.«h)) 2 



y 2 \ N 

Since J^s ^ d V = W and In* ^m d y = W> xt follows tnat 

11 12 (^)) 2 , r , ^ 



(4-63) h <^ + ^^ + J NS - (£ylMrdy . 

In view of (|439|) and (|4T60]) - (|4T63|) . we obtain that flPH) holds, which 
completes the proof (a). 
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To prove (b), we use that 



|s|>M V V " |s|>M V V " 



SO 



1 / x . 1Mb 



(4 ' 64 > £ "<" )S S!(M) 4 ' (<,>S «(M)' 
where 

(4.65) (£^(q)) 2 = \q(s)\ 2 (mf- 

\s\>M 

Now (14.451) follows from (|4.44j) and (14. 641) . which proves (b). Finally, one 
can easily see that (c) follows from (b). □ 

In the proofs of Propositions H7J and Proposition [25] in Section 5, we use 
Formula (|4.53p (where Bn is written as a difference of two integrals over the 
lines A_/v and A^-). This representation of Bn is good enough for our proofs. 

However, in the context of L 1 -potentials (see Section 3, Formula (13. 50 ). 
it is explained (by using simple estimates from Appendix, Lemmas [26] and 
|2T|) ) that the operator B^ equals only the integral over A^v- For singular 
potentials, it is more difficult to show that in Formula (14.530 the integral 
J A - Ylm=2 RxiVR^^dX = 0, but it could be done by using estimates from 
the proofs of Propositions 1151 and 1251 . More precisely, the following holds. 

Remark 18. (a) If v G H~ a , a € (0, 1), then 

1 f 00 

(4.66) B N = — V R\{VRl) m d\ N > N*. 

where the integral converges in the operator norm \\ ■ \\ii_^ioc. 

(b) If v £ H~ l and we consider Bn as an operator from L a to L b , where 

l<a<2<b<cc and \ < 1, then H4-66 ) holds and the integral there 

converges in the operator norm \\ ■ \\La_^ L b. 

Proof. For potentials v G H~ a , a G (0,1), Formula (14.530 make sense be- 
cause J An S(X)dy converge - see (|4.51j) . (|4.52p . (14.541) and the estimates 
that follow. Using the same argument that leads to Formula (14.53P but with 
u = M 2 + M, M G N, M > N, we obtain 

Z7Tl JA N m=2 Z7Tl J^ M m=2 

Therefore, in view of ()4.51 j) and (|4.52p . we will prove (|4.66p if we show that 
(\- S(X)dy — > as M — ¥ oo. This follows from the Lebesgue Dominated 

M 

Convergence Theorem, since by Lemma [271 Formula (|6.15p . 

S(M 2 + M + iy)< A(M 2 + M + iy, 1) < (M 2 + y)~ 1/2 ^ as M -> 0, 
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and S(M 2 + M + iy) < g(y), where g(y) = S(N 2 + N + iy) is integrable 
because f. S(\)dy < oo. 

The proof of (b) is exactly the same, but it is based on inequalities from 
the proof of Proposition 1251 Therefore, we omit the details. □ 

6. Next we estimate the norms of the operator T/v- 

Proposition 19. (a) If be = Per*, then 

(4.67) \\T N \\ L ^ L ^ < \\q\\^WjN+8 H {q)+8 N {q){\ogN) 1 l\ < # < y. 

Ifbc = Dir, then li4-67\ ) holds with q replaced by q. 

(b) If be = Per* and q £ £ 2 (ft), where Q(k) = (l+\k\ 2 ) 5 / 2 with 6 G (0, 1), 
and 1 < a < 2, aS < 1, then 

(4.68) IIIVIU^ < ll^^+^iV^- 1 ^ 

If be = Dir and q G £ 2 (Q), then ^68) holds with q replaced by q. 

(c) IfQ(k) = (log(e + k)) 13 , f3 > 1/2, q G £ 2 (n) and be = Per*, then 

(4.69) \\T n \\v^l- < lkl|iV- 1/4 + (£%(q)) ■ (logiV) 1 / 2 "' 3 . 

If be = Dir and q G £ 2 (Q), then h4-69\ ) holds with q replaced by q. 

Proof. Suppose be = Per* and let (uk) be, respectively, the canonical or- 
thonormal basis (fTTTT]) or (fl~T2j) . In view of (fTTTTl) . (fL29j) and (fL35j) . if 
/ = Y^k fk u k is the expansion of / G L 2 ([0, 7r]), then (|3.15p gives 

2m Jdu N ^ y (X-j 2 )(X-k 2 ) 

2^ ^ 2^ * — 2 — 2^ /* 4 — -T^i — u ^ x ) 

\k\<N \j\>N \k\>N \j\<N 

By (fTTTj) or pTT2]) . |uj(x)| < 1. Therefore, we have 

IPV(/)IL< E IAI E E IAI E ^fef 

|fc|<iV |j|>iV IJ 1 \k\>N \j\<N U 1 

By the Holder inequality, it follows that 

||T JV (/)|| 00 < ||(A)||, a (a 1 (a,N)) 1 / a + \\(f k )\\ e& (a 2 (a, N)) l / a , 

where ^ + i = 1, ||(/fc)||^a < 2||/||i,a by the Young-Haussdorf theorem, and 
(4.70) 

\k\<N \\j\>N U 1 / |fc|>iV \\j\<N ' 1 
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Therefore, 

(4.71) \\T N \\L"-+L°° < (cri(a,N) + (<r 2 (a, 7V)) 1/a . 

The situation is similar if be = Dir and (uk) is the corresponding canonical 
basis (j!.13j) . If / = YlkeNfk u k is the expansion of / G L 2 ([0,7r]), then by 
(fL22jh p)| . (OKI) and dtlHD we obtain 

fc>iV l<j<N J v fc>Af l<j<N V 

By (|1.14p . < v2, so using the Holder inequality as above we obtain 

(pT7T|) holds with 

(4.72) 

fc=-iV y>iV / fc>7V y=-iV 17 

In view of (|4.70H and (14.721) . if we set q(k) = for fe G 2Z + 1 in the case 
6c = Per^, and (?(&) = g(|/c|) in the case be = Dir, and define o~\, 02 by 
(|4,70p with j, G Z, then (|4.71|) holds in all three cases be = Per^, Dir. 
Next we estimate o~\ and 02 in terms of remainders £m(q)- 

Lemma 20. If q G £ 2 (Z), t/ien 
(4.73) 

rrtnNX 1 ST (F („W , i (£*(<!))* N 1 '* , 1 < a < 2, 



Nal *J&N \(£ N (q)) 2 logN, a = 2, 



(4.74) 



V> iV + fcy [(^7v(g)) 2 logiV, a = 2. 
Proof. Changing, if negative, k with —k and j with — j we obtain 



a 



£ + E E^ 11 

0<k<N \j>N J I 0<k<N \j>N J 



+ E (E^f + E E^' 1 

0<fc<7V \j>N J I 0<k<N \j>N J 
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By the Cauchy inequality, it follows that 

(\ a/2 / \ a/2 

j>N I \j>N U ' 

(\ a/2 / \ a/2 

EMj + k)\ 2 + WH-k)\ 2 )) IEtA^ 
j>N J \j>N V ; 

Therefore, 

ai(a,iV) <ai,i(a,iV) + ai )2 (a,iV), 

where 

CT 1>1 = E (^TV+l-fete))" 1 , a/2 < E (^+l-fc(?)) a , 

o<fc<7v + ft J iV 0<fc<7V 

a _ V ffl ^g 1 < ((gjvCg))^ 1 -^ l<a<2, 

<^v (A^ + l-/c) a / 2 [(^(g)) 2 logiV, a = 2, 

because 

ri<i v— < [ N x -idx<l Nl ~*' ^ a<2 > 

h ~\logiV, a = 2. 

Thus, (gZTgj) holds. 

Next we estimate <7 2 (a, iV). As for a\(a,N), we obtain 

(\ a/2 / \ a/2 

E (k(i-fc)l 2 + k(-i + fc)l 2 )) E ?A )2 
0<j<N J \0<j<N U 7 

(\ a/2 / \ a/2 

E (\lO + k)\ 2 + WH-k)\ 2 )) I E TjAy 
0<j<N J \0<j<N V J; 

Therefore, 

a 2 (a, N) < a 2 ,i(a, N) + a 2)2 (a, iV), 

where 

fc>iV 

1 1 ^ a/2 ^ / (£: JV (?))°iV 1 - a / 2 , 1< a < 2, 
(5jv( g )) a logJV, a = 2, 



a/2 



k>N 

M 2 

Mi ~P ~ Mi M 2 ' 



because 4 < 1 1 



JV 



E ( k 1 N I) Nq (E sHn \ s)f + s= E +i sf ( ^ + s)f 
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\s=l b iv s=N+l J 

and 



^(fc^-l) = j i ^£G-jTiv) = £i- iogAr - 

k>N v 7 1 v 7 1 

Hence, (|4T74"|) follows. 

□ 

The following lemma proves (|4.67p and f|4.69j) . 
Lemma 21. In i/ie above notations, if q £ 1 2 (1j) and H £ (0, N/2), then 

(4.75) ^(2, TV) +a 2 (2, TV) < |M| 2 ^ + (£ H {q)) 2 + {£ N (q)) 2 ■ log AT. 
Moreover, if q & £ 2 (n,Z) with n{k) = (log(e + l^l))^, > 1/2, then 

(4.76) CT1 (2, AO + a 2 (2, AO < kf AT 1 / 2 + (£%(q)) 2 • (logiV) 1 - 



2/3 



' N 

Proof. Indeed, ()4.75p follows from ()4.73p and (|4.74p because 

N N-H N 

Y,( £ N + l-k(q)f < J2( £ H(q)) 2 + £ \\q\\ 2 <N-(£ H (q)) 2 +H\\ q \\ 2 , 



k=0 k=0 N-H 

and 

N+H 



E(^)) 2 (i-^)s E E (^(i-rn?) 

fc>Af v 7 fc=AT+l k>N+H v 7 

<ikrf + wE^Hi#| + w. 



IfgG £ 2 (tt) withn(fc) = (^(e+lfc^^thenbygSU)^/^) < (k Jf + % } , ■ 
Therefore, (j4"7?5D with H = \/N implies (I4T761) . □ 

Now (|4.67|) and (|4.69|) follow immediately from (|4.7ip and, respectively, 

@3BH and (H26]). 

Lemma 22. If 1 < a < 2 and q £ i 2 (ST) with fi(fc) = 1 + Ifcl" 5 , 5 > tfierc 

rr at 

(4.77) ai(a,JV)+aa(o,JV) < llgf^ + ^r A^-l, < H < -. 

Proof In view of (|TOD . £ M (g) < £&(g)/fi(Af) = S^/M 5 , so (gZSD 
implies 

ai(a,N) < JV-f V , ( f " +1 -* ( ^ )a , + iV-f V ||g|| 2 + M^V-f. 

k=0 y ' N-H+l 
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Therefore, taking into account that £^ +1 _ k (q) < £^(q) for < k < N — H, 
we obtain 



H 



H f „\\a Ail—aS- 



(4.78) a x (a,N) < \\q\\ a ■ ^ + {£%(q)) a N 

because ^ B < £f =1 £ < N 1 -*. 

Next we estimate o"2 in an analogous way. Prom (|4.74p it follows that 

N+H oo , 1 \ f 

AT+1 N+H+l v 7 



N-\-H-\-l 
Since £$(g) < £#(g) and 

Ei / 1 1 V — 
ft _ ATW I fc ~ N A- k I ~ ^ 



, +ir+1 (k-N)°* \k N + kJ ^(k-N^k^k + N^ 
we obtain 

(4.79) aa(a,JV) < ||gf • JL + (^(g))^ 1 - 5 "!. 

Now, (j4\78]l and (H779D imply (H77TD . □ 

Finally, (14.71j) and (|4.77p imply (I4.68p . which completes the proof of 
Proposition [T9J. □ 

5. The case v G H~l, S N - S% : L a L fc , 6 < oo. 
1. Our main result in this section is the following. 

Theorem 23. Suppose Sn, are the spectral projections defined by hi. 33]) 
for the Hill operators Lb c (v) and L® c subject to the boundary conditions be = 
Per^ or Dir. Let v S HpJr, v = Q', Q E L 2 ([0, 7r]), and let q = (q(k))k^2Z 
and q = (q(m)) m ^ be, respectively, the sequences of the Fourier coefficients 
of Q about the o.n.b. {e lkx , k G 2Z} and {^/2smmx, m G N}. If 

(5.1) l<a<6<oo with S := 1/2 - (1/a - 1/6) > 0, 

then 

?o_ . T a _^ r 6n <r /\/" — t , Jfjv(g) &c = Per* 



(5.2) - S» N : L a < AT- + 



|£jv(g) ifbc = Dir, 
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where r = 5 in the case 1 < a < 2 < b < oo, and otherwise one may take 
any r such that 

'l-l/a if 1 < a < b < 2, 

1/6 if 2<a<6<oo. 



T < 



Remark. This theorem (quoted as Proposition 16 in [10J ) is an important 
element in the proof of our Criterion for basisness in L p , p ^ 2, of the system 
of root functions in the case of Hill operators with singular potentials. 

Proof. By (|1 .34j) . Sn — = Tjy + Bn, where T/v and Bjy are the operators 
defined by (Q5|) and (fT36l) . Ifl<a<2<6<oo, then Propositions [M| 
and 1251 below imply (|5.2p with r = 5. 
If (|5.ip holds but a < 2 < b fails, then 

either (i) 1 < a < b < 2, or (u) 2 < a < 6 < oo. 

We set, respectively, a\ = a—e, b\ = 2+e in the case (i), and a\ = 2—e, bi = 
b + e in the case (ii). Then, for small enough e > 0, we have 

1 < d < 2 < 6i < oo, 5 X = 1/2 - (1/ai - l/6i) > 0. 

Since ||5jv - S% : L a L fe || < ||5jv - : L ai -> it follows that 

- S% : L*-+ L b \\ < AT* + { £N{q \ if 6C = Per± ' 

I £n{Q) if &c = Dir, 

so (15. 2p holds with t = 5\. But in both cases 5\ = is a monotone de- 

1-1/a if 1< a < b < 2, 
1/6 if 2 < a < b < oo. 
This completes the proof up to Propositions [24] and [25] below. □ 



creasing function of e such that lim e _;.o Si(e) 



2. Next we estimate the norms \\Tjf : £ a — >■ 
Proposition 24. If v £ Hp^, then for l<a<2<6<oo wii/i 
(5.3) 5= 1/2 - (l/o - 1/6) >0 



(5.4) HTjv : L a -> L fc || < A^ 5 + 



£jv(<?) «/ &e = Per*, 
£n(q) if be = Dir. 



Proof. As in Section 3.3, we obtain the matrix representation of the operator 
T/v after integration over OYIn- If Tmk is its matrix representation with 
respect to the basis {uk, k G r^} of eigenfunctions of the free operator L° c , 
then T mk = for (m, fc) X, where X = X(N) is defined in (l3T7jl or (133ID . 
By the Hausdorf- Young theorems, 

(5.5) 1 1 TV : L a -»• L 6 || < 4f , f = ||fW : *° -»• ^|| 
where 

(5.6) l/o + l/a = l, 1/6 + 1/0 = 1 
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and the operator Tjv is denned by its matrix, respectively given by (|3.16p 
if be = Per^ and (|3.23p if be = Dir. Further we provide details only in the 
case be = Per^ because the proof for be = Dir is the same. 

By duality 
(5.7) 

f ^ su p I E l \^-p\ imMm)l : ii/rn = i. u*\\ = 

Therefore, in view of (I1.17P we need to evaluate 
(5-8) r(f,g)= £ l -^S i \f(k)\\9(rn)\. 

(k,m)&X N 

We set 

(5.9) A N = {(k,m) G X N : \m - k\ < N}, A C N = X N \A N , 

and analyze the corresponding partial sums of r(f,g). 
Since |m + /c| > N on Ajy, it follows that 



4 N 

(5.io) E <^Ei^)i (Ei/(* 

(k,m)£A N j=l 



m) 



where 

(5.11) lj ={(k,m) e X N : \m-k\= j}. 
If 

(5.12) 1 + 1 + 1 = 1 

a b 7 

(so, by (|5.3p . - = - — | < \ )■• then by the triple Holder inequality 

(5.13) Yl l^^l • \9(m)\ ■ 1 < ||/ni • H^ll • (card£,) 1/7 < (4j)^, 

and by the Cauchy inequality 

N / N \ 1 / 2 

(5-14) Y,\q{j)\3 lh < IMI (E^ 2/7 J ~ Ikll -iV 1/7+1/2 - 

With extra- factor 1/N in ()5.10j) these inequalities imply that 

(5.15) £ < C^N'S, 5 = \--. 

To estimate X^a c we choose positive p, q, r with p+q+r = 1 in the following 
way: 

(5.16) P = t/2, q = t(l/a-l/2), r = £(1/2 - 1/6) 
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with 

(5.17) 1/2 < 1/t = (1/a - 1/6) + 1/2 < 1. 
Then 

( 518 ) ^k(m-/c)| |/(&))| \g(m)\ 



< 



l m + k\ p \m + k\P \m + k\ r 

N 

^ iq (m-k)A 1/2 fy, |/(AQ| 2 |g(m)| g 
^ \m + k\ 2 P J \^f\'m + k\ 2 i \m + k\ 2r 



With \m — k\ > N on A^ the first factor in the right-hand side of f|5. 18|) 
does not exceed 

(5.19) 8£ N (q) ■ I J2 = C(p)£ N (q) < oo. 

In the second factor we want to make k and m independent; we can achieve 
this on four subsets of separately, where 

(5.20) A C N = F+ U Ff U F+ U F 2 ~ 
with 

(5.21) Ff = {(h,k 2 ) G A^ : \kj\ < N, ±k f > 0}. 

For (k,m) G we have \k\ < N and m > N + 1; then either |m + k\ = 
m + k > m — N>loTm + k>N + l + k>N + l. Therefore, 

\f(k)\ 2 \g(m)\ 2 x - |/(fc)| 2 IsMI 2 



|m + /c| 2 <? ' \m + k\ 2r ~ \N + 1 + fcpe \m - N\ 2r 

F+ F+ 

00 I ft 1 W i „"M2 00 |„/Ar i „-\|2 



\f(-l-N + i)\ 2 ™ \g(N + j)\< _ 
— 2-^i j2q 2-~i j2r ' ^' 



i=l j=l 

Each of these two factors J 7 , is estimated by the Holder inequality, respec- 
tively with parameters a/2, a and 6/2,6, i.e., 

2 1 2 1 

- + - = 1, T + T = l- 

a a ob 

This choice, together with (|5.16p and (|5.17p guarantees that 

2qa > 1, 2r6 > 1, 
so the first factor does not exceed 

t < ( x; i/(-i - n + i)A ■ ( Y^m 2 ^) < °°- 
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The same argument with 2rb > 1 shows that 

9 < C(g) ■ f j < oo. 

The other sums over Fp could be estimated in an analogous way. This 
shows that the sum in (|5.18|) does not exceed C(a,b) ■ £jv((/), so together 
with (|5.15p we obtain for the form r(/, g) that 

r(f,g)<C(a,b) (n' 6 + £ N (q)) . 

This implies (15. 4p . which completes the proof. □ 



3. Finally, we estimate the norms ||-Bjv • L a — > L b \\. 
Proposition 25. // 

(5.22) l<a<2<6<oo, 1/a - 1/b < 1, 
then 

(5.23) \\B N :L^L b \\<^ + { (£ ^[ q) l *<* = P "*> 
1 } " "~ N \(£^(q)) 2 if be = Dir. 

Proof. We provide details only in the case be = Per^ because the proof for 
be = Dir is the same. 

By (|4.53p , as in the proof of Proposition [T71 it follows that 

„ oo 

\\B N : L a L b \\ < W R \( VR x) m : La ~> ^Pv- 

Ja n uA- m=2 

By (HMD , R° x (VR° x ) m = K x (K x VK x ) m K x , so we have 

(5.24) \\R° x (VR° x ) m \\ La ^ Lb < \\K x \\ La ^ L2 \\K x VK x \\^ L2 \\K x \\ L2 ^ Lb . 

Recall that K x is defined by (|4.24p as a multiplier operator in the sequence 
spaces of Fourier coefficients. If / G L a and (/&) is its sequence of Fourier 
coefficients about {ufc(x)} - one of our canonical o.n.b. (jl.lip . (|1 . 12j) - then 
Kxf = £ fc (A-fc2)i/2./A: n fc( x )- By Hausdorff- Young Theorem (f k ) G £ a with 

i + - = 1, and ||(/fc)lk a < 2||/||xo. The Holder inequality implies (compare 
with (pm]) ) that 

2-a 

m ..L^^<(^—}—}\ 1< <2. 

By duality argument, ||2£> : L 2 — > L b \\ = \\K X : L 13 — > L 2 \\, where i + | = 1, 
so it follows that 

2-/3 

||^a:£ 2 ^|| < [E ^— g-| 2 \ 2<6<oo, 1 = 1-1. 
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Therefore, in view of (|6.2[) we have 

11**11*.-* < a 1 / 2 (a, , ||tf A ||^ < a" 2 (a, JL^ . 

Since the Hilbert-Schmidt norm dominates the L 2 -norm, (|5.24p and the 
above formulas imply that 

oo 
m=2 

where 

MX) ■■= a 1 / 2 (a, -?-) A w (a, J>) f; ii^y^n^- 



As in the proof of Proposition [T71 by (|4.27[) one can easily see that 
Ja- Si(X)dy < f A Si(X)dy. Therefore, 



\ b n\\ l *-+l<> i$ / Si(\)dy. 

J Am 



In view of (|4.55|) . for large enough N we have ||1£a^*a||-H"<S < 1/2 for 
A G Atv, so 

oo 

^ H^a^aIISs < 2||^ A yK A ||f, 5 , TV > at,. 

m=2 

Thus, by (001) and (14321 . we obtain Si (A) < $^(y) with 



(5.25) $ N (y) := A 2 f A, — -j A* (^A, ^—^ ^ N (y), A = N*+N+iy. 
In view of the above formulas, 

(5.26) \\B N \\ L a^ L i, < [ $ N (y)dy<h+I 2 + h, N > TV*, 
where 

h = / <S> N (y)dy, h= §N{y)dy, h = I $N(y)dy. 

J\y\<N JN<\y\<N 2 J\y\>N 2 

Next we estimate these integrals. 

If \y\ < N then by (OfJj) . (I4"37j) and (j?T2Uj) we have 

«iv(y) < b N (y) < ± A(X,r) < 1 Vr > 1. 

Therefore, from i4l3| . (OH and (I05l) it follows that 

< ^ + (^(9)) 2 ) + (£4A^)) 2 ^, 

so we obtain 

(5.27) h < M£ + (£^(<z)) 2 + (W?)) 2 ^ < + (^)) 2 - 
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Next we estimate I 2 .li \ = N 2 + N + iy with N < \y\ < N 2 , then (ET561) . 
(p~57ft and (lOBl) imply that 



My)<^log(l+^rJ, h N (y)<—- A(A,r)<J\r?|y|- 1 +i 



iv 7 |y|" 



-7 



i , A ^ 2 \ . , x ^ i 

Therefore 
where 

< 7 : = 2 - 1/a - 1//3 = 1 - 1/a + 1/6 < 1 

due to (IQ2]1 . 

Now from flOgj) . (jTOD and ([535]) we obtain 

< Ni\y\-^ (M! + (^(g)) 2 ) + (Wg)) 2 !£ log (l + Q , 

Since J*^ g/ -1 ~ 7 d?/ < A^ 7 and (with the change of variable t = N 2 /y) 

J y-nog(l + N 2 /y)dy = N 2 - 2 ^ J log(l + t)dt < N 2 ~ 2 \ 

it follows that 

(5.28) I 2 < hf/N + (£^(q)) 2 + {£ m {q)f . 

Finally, we estimate I3. For A = iV 2 + N + iy with \y\ > A^ 2 we have by 
(|Q5]> . (g37D and (^26]) that 

My^^p, My)<^, ^(A,r)<| y |- 1+ ^. 

Therefore, 

^ 1/2 (a, ^) ^ 2 (a, < | y |-i+*+* = M-l-i, 

so P35j) . and (15T251) imply that 

< N 2 \yr 2 -^ 2 (M + (^(g)) 2 ) + \y\-^l 2 {£ m { q )) 2 . 

Now, integrating over |y| > N 2 , we obtain 

(5-29) I 3 < (M! + (f^)) 2 ) AT-7 + (£: 47v(g )) 2 iV- 7 . 

The estimates (I5T271) . (15T281) and (j5T29|) yield (|PgJ) , which completes the 
proof. 

□ 
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6. Appendix: Auxiliary Inequalities 

In this section we collect a few inequalities that justify crucial steps in 
the proof of our main results and could be useful elsewhere. 
The elementary inequality 

(6.1) (a + b) T <2 T - 1 (a T + b T ), a,b>0, r > 1, 

will be used throughout the text often without any specification. Of course, 
(|6.ip explains that for every fixed r > 

(a + b) T ~ a T + b T , a,b>0. 

Next, for fixed r > 1, we analyze the behavior of the function 

\ l/r 



(6.2) A(z,r)=l^2-^ 



,z — k 2 \ 

k=0 1 1 



r > 1, zeC. 



We need estimates of this function and its integrals on properly chosen 
contours in C. 

1. Horizontal lines z = x + ih, x£l. 
Since A(x + ih, r) = A{x + i\h\,r), we assume for simplicity of the writing 
that h > 0. If z = x + ih then 

(6.3) -(\x - k 2 \ +h) <\z- k 2 \ <\x-k 2 \+h 
and 

(6.4) \z-k 2 \ r >2- r (\x-k 2 \ + h) r . 
Therefore, 

oo 1 

(6.5) [A(x + ih, r)Y < JT £ { \ x _ k 2\ +h y = 2? K + "D, 
where 

27V 

and 

oo ^ 



If 



and k > 2N + 1, then 



Id < N 2 + N, 



(6.9) |x-A: 2 |+/i> ^(fc 2 + /i) > ^(k + Vh) 2 . 
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Indeed, if x < 0, then ([6H is obvious. If < x < N 2 + N, then \x - k 2 \ > 



/c 2 - (iV 2 + N) > \k 2 because k>2N+l. 

Therefore, if (|6.8j) holds, then 
(6.10) 

~ 4 r f°° 4 r 4 r / r -\- 2r + 1 

a\ < V =— < / = ( 2N + ) 

2 ^i + 2r ~ J2N (£ + Vh) 2r 2r-l\ J 

Now, in view of (^Ej, and (IfUOl) . it follows that 

A(x + a, r) < 2W + ^ < — + ( ^ + fe)1 _ 1/(2r , S 5 (a"" + fc- 

The above inequalities imply the following. 
Lemma 26. // |x| < iV 2 + iV and h> N 2 , then 

(6.11) A(x±ih,r) < h^- 1 
and 

r N 2 +N 

(6.12) / (A(x±ih,r)) m dx < (N 2 + u)-h- m(1 -^\ m > 0. 
If m > 1, then 

rN 2 +N 

(6.13) lim / (A(x±ih,r)) m dx = 0. 
2. Vertical lines z = -co + iy, a; >> 1. 

In this case \z — k 2 \ ~ fc 2 + a; + |y| ~ ^A; + \J uj + . Hence, for every 

fixed r > 1 we have 
(6.14) 

^ ~Z^7 ^ ~ / 7 ^- ^rx- 

Therefore, the following holds. 
Lemma 27. For fixed r > 1, w > 

1 \ 2r 



(6-15) A(-w + *y,r)< ; 

Moreover, if r > 1 i/iere 

/oo 
j4 2 (— £j + iy, r)dy — > as a; — > oo, 
-oo 

and if r = 1 

/oo 
as u) — > oo. 
-oo 
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3. Now we analyze A(z, r) on the vertical line 

(6.18) A N = {A = N 2 + N + iy, y G R}. 

bmce A(N 2 + N + iy, r) = A(N 2 + N + i|y|,r), we assume for simplicity 
that y > 0. 

One can easily see for A = N 2 + N + iy that 

(6.19) \\- k 2 \ ~ \N 2 - k 2 \+ N + y. 
Therefore, in view of (|6.2I) 

(6.20) A(A, r) ~ cr + cii for A G Ajy, 

where 
(6.21) 



2N 

W = 



E HAf2 _ 1.21 Z AjT^' = E 



i o{ \ N 2_ k2 \ +N + yr v fc= f^ +1 (l^-^l+AT + y)-- 

Next we estimate (a ) r . Since |iV 2 - k 2 \ = \N - k\(N + k) ~ |JV - fe|JV if 
< fc < 2JV, it follows that 

N N 

((TnY ~ V / if. 

^ W + ^ + JO (NZ + N + y)r ? 

'^log(l + ^) ifr = l, 

F ((Af+J) 1 - 1 ~~ (N 2 +N+y)'- 1 ^) ^ r > 1- 

Therefore, by using Mean Value Theorem in the case r > 1, y > iV 2 , we 
obtain the following. 

Lemma 28. In the above notations, 

(6.22) ^-^{ 1 + W^) lfr = h 

and for r > 1 



1 . I n-f n <^ n. )\7"2 



(6.23) o~ o 



i=ttf »/ 0<y<iV 2 



4. Now we estimate the sum (o"i) r defined in (|6.2ip . If k > 2iV + 1 then 
fc 2 — iV 2 + iV + y ~ fc 2 + y ~ (fc + ^/y") 2 , 

so 

Therefore, we obtain 

(6.24) a x ~ (TV 2 + y)" 1+ 27. 
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This, together with Lemma [28l (I6.22|) and (16.231) . leads us to the following. 
Lemma 29. With notations $6.2\) . we have 

r ¥ \v\<n, 

£log(l + §) if N<\y\<N 2 , 



(6.25) A(N 2 + N + iy, 1) ~ < 
and, for r > 1, 

(6.26) A{N 2 + N + iy, r) ~ < 



i 



»/ |y|>^ 2 



AT-v lyj-i+F if N < \y\ < N 2 , 
\y\ > N 2 . 



Proo/. Indeed, (^22]) and ([672^]) lead to (15351) . and ([633]) together with 
fT24l) imply ffT26i 

□ 

The inequality (]6.26p helps us to give estimates of J An A 2 (X;r)dy from 
above. We have the following three cases: 
(i) r > 2; 
(i) r = 2; 
(hi) 1< r < 2. 
In either case (r > 1), 



(6.27) 
and 



/ A 2 dy<(l/N) 2 -2N<^ 

J\y\<N ^ 



p poo 

(6.28) / A 2 (X,r)dy< y~ 2+1 / r dy < N" 2 ^ 1 ^ . 

J\y\>N 2 JN 2 

The integration over the interval [N, N 2 ] is also easy but the result de- 
pends on r in an essential way. By (|6.26p . the middle line, 



(6.29) 
where 
Y(N) := 

Therefore 



N<\y\<N 2 



A 2 (X,r)dy<Y(N), 



N 2 



N -2/r y -2+2/r dy 



N 



if r = 2; 



A' 



rf N -2(l-$)_ N -l\ if r ^ 2 . 



(6.30) Y(N) < < 

Now the inequalities (I6.27p ~ (|6.30p imply the following. 



j_ 

N 

logJV 
N 

N-^-t) if r < 2. 



if r > 2, 
if r = 2, 
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Corollary 30. If 1 < r < oo, then 



3.31) / A 2 (X;r)dy < < 

Ja n 



W ifr>2, 
M if r = 2 , 

N-^ 1 -^ if r < 2. 



Next we consider the case r = 1. 
Corollary 31. From i6.25\) it follows that 

(6-32) / A 3 (A;l)dy<i-. 

Proof. The integral over [0, iV] does not exceed C^j^P—, and the integral 
over [N 2 , oo) is less than C/N. Next, with w = 1 + N 2 /y, dy = —j^^dw 

we estimate J"^ ^4 3 (A;l)dyby 

( , 33) /;^ log(1+i w„) 3 *4r^4- 

These estimates lead immediately to (|6.32p . □ 
Notice however that 

(6.34) / A 2 (X,l)dy = oo 

J A N 

because by the third line of (|6.25p we have A(X, 1) ~ 1/y 1 ' 2 for y > iV 2 . 

5. We need a few estimates of double sums as well. 
Lemma 32. The sequence 

N oo j 

(6.35) ^v = £ £ ^23^, # = 0,1,2,... 

k=0 m=N+l 

is bounded by Aq = tt 2 /6. Moreover, An is monotone decreasing, and lim^Tv 
^2 io 



oo 1 

Proof. We have ^o = 7^ — tj = vr 2 /6 and 

m=l 

x - 

m=Af4 
^ 00 



m 2 -(iV + l) 2 ^(iV + l) 2 -A; 2 

m=N+2 V ; fc=0 V ; 

1 1 



2 ( N + l K^+2^ m ~( N + 1 ) m + (N+l) 

1 A / 1 1 \ 

2(iV + 1) ^ q \N + 1- k + N + l + k) 
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/ 2(JV+1) 1 N+l 1 2iV +1 ] 



1 



2(N + 1) \ ^ v ^ v ^ v 4(iV + l) 2 ' 

Therefore, 

^ 7T 2 1 N 1 7T 2 1 7T 2 7T 2 

^ = ^ )+ ^-vi) = T - i E^- > T-4-i = r 

n=l n=l 



□ 



Lemma 33. Let H eN, < H < N, and let 

A H = {{k,m) : < k < N, m > N + 1, m - k < H}. 

Then 

(0.36) <r(JV ,«) = E - ? l^<^ 

Proof. Observe that Ah consists of points (k, m) with integer coordinates 
lying inside the triangle bounded by the lines k = N, m = N+l,m — k = H. 
Moreover, 

H 



(6.37) A H = IJ £u, with l v = {(fc,m) £A fl : m - k = u}, #£ v = u, 

v=l 

so #A H = H(H + l)/2. Since m > iV + 1, we have 

- V 1 ( 1 1 1 ^ < 1 V ( 1 1 ^ 

~^2m\m-i; m + /c / ~ 2 (AT + 1) j-* 1 \m - k m + k) 



- 2(7V + 1) 1 4rf ^ iV + 1 / 2(iV + l) 4(iV + l) 2 " iV' 



which completes the proof. □ 
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